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In the present work we perform a systematic analysis of a new dark energy parametrization and
its various corrections at first and higher orders around the presence epoch z = 0, where the first
order correction of this dark energy parametrization is the well known Chevallier-Polarski-Linder
model. We have considered up to the third order corrections of this parametrization and investigate
the models at the level of background and perturbations. The models have been constrained using
the latest astronomical datasets from a series of potential astronomical data, such as the cosmic
microwave background observations, baryon acoustic oscillations measurements, recent Pantheon
sample of the supernova type Ia and the Hubble parameter measurements. From the analyses we
found that all parametrization favor the quintessential character of the dark energy equation of
state where the phantom crossing is marginally allowed (within 68% CL). Probably the interest-
ing outcome of the present work is that as long as we increase the higher order corrections, the
parameter wa quantifying the dynamical nature of the dark energy parametrization becomes weak
in magnitude and hence this eventually confers that the higher order corrections of the general
dark energy parametrization are not much significant. Finally, we perform the Bayesian analysis
using MCEvidence to quantify the statistical deviations of the parametrizations compared to the
standard ΛCDM cosmology. The Bayesian analysis reports that ΛCDM is favored over all the DE
parametrizations.
PACS numbers: 98.80.-k, 95.35.+d, 95.36.+x
1. INTRODUCTION
According to the theory of general relativity, one pos-
sible way to describe the recent observational evidences
is to introduce the dark energy, a hypothetical fluid with
large negative pressure [1]. However, apart from this neg-
ativity condition on the pressure of dark energy, no one
knows what exactly this particular fluid is. The simplest
explanation to the dark energy theory comes through the
introduction of positive cosmological constant, Λ, which
does not evolve with the time. But, the cosmological
constant already suffers from two major problems, one
which is recognized as the cosmological constant problem
and the other is the cosmic coincidence problem. Thus,
although as stated by a series of observational data, the
Λ-cosmology is an elegant version to model the recent ob-
servational features of the universe, the problems associ-
ated with the above motivate us to think of the scenarios
beyond the standard Λ-cosmology paradigm.
The simplest extension to Λ-cosmology is the wx-
cosmology in which wx is the dark energy equation-of-
state quantified as the ratio of pressure to its density,
mathematically which is wx = px/ρx. One can identify
that px and ρx are respectively the pressure and energy
density of the dark energy fluid. The equation-of-state
∗Electronic address: supriya.maths@presiuniv.ac.in
†Electronic address: d11102004@163.com
‡Electronic address: anpaliat@phys.uoa.gr
wx being −1 recovers the Λ-cosmology. In general one
can assume wx (6= −1) to be either time independent or
dependent while the latter scenario is the most general
one. Thus, in the present work we shall focus on the
alternative cosmologies to the Λ-cosmology in which the
dark energy equation-of-state is evolving with the expan-
sion of the universe.
The parametrization of wx could be any function of
the redshift z or the scale factor a(t) of the Friedmann-
Lemaˆıtre-Robertson-Walker universe; note that, 1 + z =
a0/a(t), where a0 is the present value of the scale fac-
tor in this universe. Thus, since wx ≡ wx(z) ≡ wx(a)
could be any arbitrary function of the redshift or the
scale factor, therefore, in principle this gives us a com-
plete freedom to pick up any particular model of interest
and test it with the observational data in order to see
whether that model is able to correctly describe the evo-
lution of the universe. In fact one can realize that the
introduction of the dark energy equation-of-state is a re-
verse mechanism to probe the expansion history of the
universe. Going back to literature, one can find that
this particular area of cosmology has been investigated
well both at the level of background and perturbations
where various parametrizations for wx were introduced
earlier [2–12] and later [13–42]. Precisely, the dark en-
ergy parametrization with only a single free parameter,
with two free parameters, with three free parameters and
finally with more than three parameters have been rigor-
ously studied by various investigators.
The aim of the present work is slightly different.
Here, we are considering an exponential dark energy
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2parametrization that in its first order approximation
around z = 0 recovers the CPL parametrization, and
further we allow its higher order corrections in order to
investigate how such extended corrections affect the evo-
lution of the universe both at the level of background
and perturbations. More specifically, we consider upto
the third order expansion of the exponential dark energy
model. We remark that in general every analytic function
for the equation-of-state parameter around the z = 0 de-
scribes the CPL parametrization in the first correction;
however, while we want to assume a general Taylor ex-
pansion of an analytic function f (a) around a = 1, i.e.
f (a) =
∑∞
i=0 wi (a− 1)i, every new term which is intro-
duced in the correction provides a new degree of freedom,
a free parameter, in the model. Consequently, the models
will have different degrees of freedom and they will not
be in comparison. Hence, special relations amount the
constants wi should be considered, and for our analysis
we assume that w0 is free while wj =
w1
j! , which j 6= 0,
in which f (a) is now the exponential function. However,
by this approach we will get a remarkable information
on how the nonlinear terms in the parametrizations of
the equation-of-state affect the viability of the model in
higher-redshifts.
The work has been organized in the following way. In
section 2 we introduce the models for wx(z) and describe
the general equations at the level of background and per-
turbations. In section 3 we describe the observational
data and the statistical analysis that are used to con-
strain the models. After that in section 4 we describe
the observational constraints extracted from the models
using the astronomical data described in section 3. Then
in section 5 we compute the evidences of the dark en-
ergy parametrizations through the MCEvidence. Finally,
we close the work in section 6 with a brief summary of
everything.
2. BASIC EQUATIONS AND THE MODELS
Considering a spatially flat Friedmann-Lemaˆıtre-
Robertson-Walker line element ds2 = −dt2 +
a2(t)
∑3
i=1 dx
2
i (where a(t) is the expansion scale fac-
tor of the universe), in the context of the Einstein grav-
ity, we assume that (i) matter is minimally coupled to
gravity, (ii) there is no interaction between any two flu-
ids under consideration and (iii) all the fluids satisfy
barotropic equation of state, i.e., pi = wiρi in which wi
being the barotropic state parameter for the i-th fluid
having (ρi, pi) as its the energy density and pressure, re-
spectively. Precisely, we consider that the total energy
density of the universe is, ρtot = ρr + ρb + ρc + ρx and
the total pressure thus becomes ptot = pr + pb + pc + px.
Here, the subscripts r, b, c and x respectively stands for
radiation, baryons, cold dark matter and dark energy.
Thus, the barotropic indices are, wr = 1/3, wb = wc = 0
and we assume wx to be dynamical. The Einstein’s field
equations for the above FLRW universe can be written
down as
H2 =
8piG
3
ρtot, (1)
H˙ = −4piG(ptot + ρtot), (2)
in which an overhead dot represents the cosmic time dif-
ferentiation and H ≡ a˙/a is the Hubble rate of this
universe. Now, using (1) and (1) (or alternatively the
Bianchi’s identity), one can find the balance equation
ρ˙tot + 3H(ptot + ρtot) = 0. (3)
Now, since as we assumed that we don’t have any inter-
action between any two fluids of the universe, thus, they
should satisfy their own conservation equation leading to
ρ˙i + 3H(pi + ρi) = 0, (4)
from which using the relation between pressure and
energy density for the radiation, baryons, and cold
(pressureless-) dark matter, one can find that ρr =
ρr0a
−4, ρm = ρb + ρc = (ρb0 + ρc0)a−3. Here, ρi0 is
the present value of ρi. And finally, the evolution of the
dark energy fluid can be given by,
ρx = ρx0
(
a
a0
)−3
exp
(
−3
∫ a
a0
wx (a
′)
a′
da′
)
, (5)
where ρx0 being the current value of ρx and a0 is the
present value of the scale factor that we set to be unity
(a0 = 1) without any loss of generality. We further note
that the scale factor is related to the redhisft that we shall
frequently use hereafter via 1 + z = a0/a = 1/a. Thus,
once the dark energy equation of state is prescribed, the
evolution of the dark energy density can be found.
As we discussed above, we consider that the dark en-
ergy fluid follows a general parametrization in the follow-
ing way:
wx(z) = (w0 − wa) + wa exp
(
z
1 + z
)
(6)
where w0 is the present value of the dark energy equa-
tion of state, that means, wx(z = 0) = w0 and wa is
another free parameter. The model (6) is very inter-
esting by its construction since one can easily recognize
that it could return a number of interesting parametriza-
tion that includes the classic Chevallier-Polarski-Linder
parametrization wx(z) = w0 +waz/(1 + z) if we take the
first approximation of the exponential function in (6).
We expand the exponential function of (6) upto its
first, second and third order corrections leading to the
following class of dark energy parametrization:
3wx(a) = w0 + wa
z
1 + z
, (7)
wx(a) = w0 + wa
[
z
1 + z
+
1
2!
(
z
1 + z
)2]
, (8)
wx(a) = w0 + wa
[
z
1 + z
+
1
2!
(
z
1 + z
)2
+
1
3!
(
z
1 + z
)3]
, (9)
and for convenience we call the dark energy parametriza-
tion of equations (7), (8) and (9) as “Extension 1” (Ext1
in short), “Extension 2” (Ext2 in short) and “Extension
3” (Ext 3 in short), respectively.
At the end of this section, we would like to present
the qualitative features of the present dark energy
parametrizations in terms of the evolution of their equa-
tions of state and the deceleration parameters. In or-
der to do so, we assume three different values of w0,
namely, w0 = −0.95, w0 = −1 and w0 = −1.1 and in
each case we consider various values of wa to understand
how the curves behave with the increasing of the wa pa-
rameter. In Fig. 1 we show the evolution of the dark
energy parameterizations (6), (7), (8) and (9) setting
the present value of the dark energy equation of state
at w0 = 0.95 where we allow different values of wa such
as wa = −0.3,−0.2,−0.1, 0, 0.1, 0.2, 0.3. The curve with
wa = 0 simply returns w = w0 and this has been kept
to compare with other cruves having wa 6= 0. From Fig.
1, we notice that for wa < 0, the dark energy equation
of state allows its phantom character which is much pro-
nounced at high redshifts, while for wa > 0, the reverse
scenario is found. In a similar fashion, we show the evo-
lution of the equations of states for the DE parametriza-
tions for w0 = −1 (Fig. 2) and w0 = −1.1 (Fig. 3) where
we have kept the same values of wa as used in Fig. 1.
From both the figures, namely, Fig. 2 and Fig. 3, we
have similar observation to that of Fig. 1.
We then plot the evolution of the deceleration param-
eter for all the DE parametrizations, namely, (6), (7),
(8) and (9). Here we have considered three fixed values
of w0, namely, w0 = −0.95, −1, −1.1 but in each case
we have assumed different values of wa similar to what
we have shown in Fig. 1, Fig. 2 and Fig. 3. Finally,
we depict the evolution of the deceleration parameter in
Fig. 4 (for w0 = −0.95), Fig. 5 (for w0 = −1) and Fig.
6 (for w0 = −1.1). The qualitative features of the three
figures (Fig. 4, Fig. 5 and Fig. 6) representing the evolu-
tion of the deceleration parameters are same, as one can
see that irrespective of the values of w0, a fine transition
from the past decelerating phase to the current acceler-
ating one is observed, however, the impacts of wa should
be discussed. For that reason, we only consider Fig. 4
because the other figures lead to same conclusion. From
Fig. 4, we see that for negative values of wa the transition
redshifts are shifting towards higher redshifts (although
mild) while for positive values of wa, we see the reverse,
that means the transition redshifts are shifting towards
lower values of the redhift.
Overall, we find that the models at the level of back-
ground do not exhibit any deviations from one another.
This is not surprising because the deviations between the
cosmological models are usually reflected from their anal-
ysis at the level of perturbations. In what follows we
shall consider the perturbation equations for all the DE
parametrizations in this work.
We start with the following metric which is the per-
turbed form of the FLRW line element:
ds2 = a2(η)
[−dη2 + (δij + hij)dxidxj] ,
Here, η denotes the conformal time; δij , hij are the un-
perturbed and the perturbative metric tensors, respec-
tively. Now, considering the perturbed Einstein’s field
equations, for a mode with wave-number k one can write
down [43–45]:
δ′i = −(1 + wi)
(
θi +
h′
2
)
− 3H
(
δpi
δρi
− wi
)
δi
−9H2
(
δpi
δρi
− c2a,i
)
(1 + wi)
θi
k2
, (10)
θ′i = −H
(
1− 3δpi
δρi
)
θi +
δpi/δρi
1 + wi
k2 δi − k2σi, (11)
where δi = δρi/ρi is the density perturbation for the i-
th fluid; the prime associated to any quantity denotes
the derivatives with respect to conformal time; H = a′/a
is the conformal Hubble parameter; θi ≡ ikjvj is the
divergence of the i-th fluid velocity; h = hjj , is the trace of
the metric perturbations hij ; σi denotes the anisotropic
stress related to the i-th fluid. Let us also note that
c2a,i = p˙i/ρ˙i, is the adiabatic speed of sound of the i-th
fluid which can also be written in terms of other physical
quantities as c2a,i = wi− w
′
i
3H(1+wi) , where we fix the sound
speed c2s = δpi/δρi to be unity. Finally, we also note that
we have neglected the anisotropic stress from the system
for simplicity.
4wa=-0.3
wa=-0.2
wa=-0.1
wa=0
wa=0.1
wa=0.2
wa=0.3
0.0 0.5 1.0 1.5 2.0
-1.3
-1.2
-1.1
-1.0
-0.9
-0.8
-0.7
z
w
of
G
en
(w 0=
-0.95
) wa=-0.3
wa=-0.2
wa=-0.1
wa=0
wa=0.1
wa=0.2
wa=0.3
0.0 0.5 1.0 1.5 2.0
-1.3
-1.2
-1.1
-1.0
-0.9
-0.8
-0.7
z
w
of
E
xt
1
(w 0=
-0.95
)
wa=-0.3
wa=-0.2
wa=-0.1
wa=0
wa=0.1
wa=0.2
wa=0.3
0.0 0.5 1.0 1.5 2.0
-1.3
-1.2
-1.1
-1.0
-0.9
-0.8
-0.7
z
w
of
E
xt
2
(w 0=
-0.95
) wa=-0.3
wa=-0.2
wa=-0.1
wa=0
wa=0.1
wa=0.2
wa=0.3
0.0 0.5 1.0 1.5 2.0
-1.3
-1.2
-1.1
-1.0
-0.9
-0.8
-0.7
z
w
of
E
xt
3
(w 0=
-0.95
)
FIG. 1: We show the evolution of the dark energy parametrizations for different values of wa with a fixed value of w0 = −0.95
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FIG. 2: We show the evolution of the dark energy parametrizations for different values of wa with a fixed value of w0 = −1
3. OBSERVATIONAL DATA
For the convenience of the reader and for our presenta-
tion we provide the details of the observational data used
to constrain the dynamical dark energy parametrization
and also the methodology.
• Cosmic microwave background observations: the
cosmic microwave background (CMB) observations
are one of the powerful data to probe the nature
of dark energy. Here we use the CMB from Planck
2015 [46, 47]. The high-` temperature and polar-
ization data as well as the low-` temperature and
polarization data from Planck 2015 (precisely the
dataset: Planck TT, TE, EE + lowTEB) [46, 47]
have been considered.
• Baryon acoustic oscillations: The baryon acoustic
oscillations (BAO) data from different superovula-
tion missions are used [49–51].
• Supernovae Type Ia: We also use latest released
Pantheon sample [52] from the Supernovae Type
Ia.
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FIG. 3: We show the evolution of the dark energy parametrizations for different values of wa with a fixed value of w0 = −1.1.
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FIG. 4: The evolution of the deceleration parameter depicting a clear transition from the past decelerating phase to the current
accelerating phase for all the dark energy models has been presented for different values of wa and with a fixed value of
w0 = −0.95. One can easily notice that as long as wa increase from its negative to positive values, the transition redshift shifts
more closer to the present epoch.
• Hubble parameter measurements: Finally, we use
the Hubble parameter measurements from the Cos-
mic Chronometers (CC) [53].
Now we come to the technical part of the statistical
analysis. Thus, we have performed the fitting analy-
sis using the modified version of cosmomc [54, 55], an
efficient markov chain monte carlo package equipped
with a convergence diagnostic given by the Gelman and
Rubin statistics [56]. This package includes the sup-
port for the Planck 2015 likelihood code [47] (see http:
//cosmologist.info/cosmomc/). In Table I we have
shown the flat priors on the model parameters that have
been used during the observational analysis. Perhaps it
might be important to mention here that in the present
analysis we have used Planck 2015 likelihood [47] instead
of Planck 2018 likelihood (although the cosmological pa-
rameters from Planck 2018 are already available [57])
because Planck 2018 likelihood code is not public yet.
However, it will be worth to run the same codes that we
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FIG. 5: The evolution of the deceleration parameter depicting a clear transition from the past decelerating phase to the current
accelerating phase for all the dark energy models has been presented for different values of wa and with a fixed value of w0 = −1.
Regarding the relation between wa and the transition redshift zt, we have exactly similar relation to what we have observed in
Fig. q-1.
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FIG. 6: The evolution of the deceleration parameter depicting a clear transition from the past decelerating phase to the current
accelerating phase for all the dark energy models has been presented for different values of wa and with a fixed value of
w0 = −1.1. Similar to Fig. 4 and Fig. 5, we observe similar relation between wa and the transition redshift.
use for the present models but with the new Planck 2018
likeliood which will enable us to understand any effective
changes in the cosmological parameters and consequently
more stringent constraints on them as well.
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FIG. 7: 68% and 95% CL contour plots for various combinations of the model parameters of the general parametrization of
(6) (Gen) have been shown for different observational combinations. The figure also contains the one dimensional marginalized
posterior distributions for the parameters shown in the two dimensional contour plots.
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tion] have been shown for different observational combinations. The figure also contains the one dimensional marginalized
posterior distributions for the parameters shown in the two dimensional contour plots.
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FIG. 9: 68% and 95% CL contour plots for various combinations of the model parameters of the Ext2 of (8) have been shown
for different observational combinations. The figure also contains the one dimensional marginalized posterior distributions for
the parameters shown in the two dimensional contour plots.
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FIG. 10: 68% and 95% CL contour plots for various combinations of the model parameters of the Ext3 of (9) have been shown
for different observational combinations. The figure also contains the one dimensional marginalized posterior distributions for
the parameters shown in the two dimensional contour plots.
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FIG. 11: We show the (w0, wa) plane for the present dynamical dark energy parametrizations using different observational
datasets. The left graph for the dataset CMB+BAO, the middle graph for the dataset CMB+BAO+Pantheon and the right
graph stands for the observational dataset CMB+BAO+Pantheon+CC.
Parameter Prior
Ωbh
2 [0.005, 0.1]
Ωch
2 [0.01, 0.99]
τ [0.01, 0.8]
ns [0.5, 1.5]
log[1010As] [2.4, 4]
100θMC [0.5, 10]
w0 [−2, 0]
wa [−3, 3]
TABLE I: The table shows the flat priors on the model pa-
rameters used during the statistical analysis.
4. OBSERVATIONAL CONSTRAINTS AND
THE ANALYSIS
In this section we describe the observational con-
straints on all the dark energy parametrization, namely
the general parametrization of eqn. (6), Extension 1 or
the CPL parametrization of eqn. (7), Extension 2 of
eqn. (8) and extension 3 of eqn. (9) using various astro-
nomical datasets summarized in section 3. In particular,
we focus on the two key parameters of the dark energy
parametrization, namely, w0 and wa in order to inves-
tigate the qualitative changes in the parametrization as
long as nonlinear terms are considered. In what follows
we describe the observational constraints extracted from
each dark energy scenario.
Let us first focus on the general dark energy
parametrization given in equation (6). We have con-
strained this dark energy scenario using different ob-
servational combinations, the results of which are sum-
marized in Table II. From Table II, one can see
that the best constraints on the model parameters are
achieved for the combinations CMB+BAO+Pantheon
and CMB+BAO+Pantheon+CC since the addition of
Pantheon and CC to the combination CMB+BAO sig-
nificantly decrease the error bars on the model pa-
rameters. We find that for the general parametriza-
tion, the mean value of the dark energy equation of
state at present, i.e., w0 is always in the quintessential
regime while looking at the exact estimations on w0 for
CMB+BAO+Pantheon (w0 = −0.963+0.060−0.082 at 68% CL)
and for CMB+BAO+Pantheon+CC (w0 = −0.933+0.071−0.070
at 68% CL), it is also clear that w0 could cross the
w0 = −1 boundary, but of course marginally. Addition-
ally, we find that the remaining key parameter wa may
assume nonnull values, however, wa = 0 is allowed within
68% CL of course. For a better understanding of all the
parameters of this model, in Fig. 7, we have shown the
one dimensional posterior distributions for some selected
parameters of this model as well as the two dimensional
contour plots for various combinations of the parameters.
From Fig. 7, one can see that all the parameters shown
in this figure are correlated with each other. Specifically,
we find a strong correlation between w0, wa and H0.
We now consider the first extension of the general
parametrization (6) that leads to the well known CPL
parametrization of (7). The results of this parametriza-
tion are also extracted using the same observational
datasets applied to the general DE parametrization
which can be found from Table III. One can easily see
that the conclusions on w0 and w0 remain same similar
to what we have found in the general parametrization
(6). So, effectively we see that the first approximation
(7) of the original parametrization (6) returns similar fit
to the original parametrization (6). Similarly, for this
parametrization we plot Fig. 8 containing the one di-
mensional marginalized posterior distributions as well as
the two dimensional contour plots at 68% and 95% CL.
Then we move to the observational constraints of the
next parametrization given in eqn. 8. The results for this
parametrization are shown in Table IV and in Fig. 9 we
have shown the graphical variations of the model parame-
ters. We find that this parametrization behaves similarly
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Parameters CMB+BAO CMB+BAO+Pantheon CMB+BAO+Pantheon+CC
Ωch
2 0.1194+0.0013+0.0027−0.0014−0.0026 0.1193
+0.0013+0.0024
−0.0013−0.0025 0.1195
+0.0013+0.0026
−0.0013−0.0026
Ωbh
2 0.02222+0.00015+0.00029−0.00016−0.00030 0.02223
+0.00015+0.00029
−0.00015−0.00029 0.02222
+0.00014+0.00030
−0.00015−0.00030
100θMC 1.04049
+0.00032+0.00063
−0.00032−0.00066 1.04051
+0.00030+0.00063
−0.00031−0.00062 1.04049
+0.00032+0.00066
−0.00032−0.00063
τ 0.079+0.018+0.033−0.018−0.035 0.080
+0.018+0.034
−0.017−0.034 0.079
+0.018+0.034
−0.018−0.034
ns 0.9738
+0.0044+0.0086
−0.0044−0.0085 0.9740
+0.0041+0.0083
−0.0041−0.0082 0.9735
+0.0042+0.0080
−0.0042−0.0078
ln(1010As) 3.100
+0.035+0.064
−0.034−0.068 3.103
+0.034+0.066
−0.034−0.067 3.101
+0.034+0.066
−0.035−0.066
w0 −0.537+0.442+0.532−0.441−0.526 −0.963+0.060+0.158−0.082−0.127 −0.933+0.071+0.140−0.070−0.135
wa −1.154+0.894+1.340−0.807−1.298 −0.231+0.291+0.416−0.143−0.499 −0.337+0.288+0.431−0.204−0.493
Ωm0 0.348
+0.034+0.055
−0.035−0.056 0.306
+0.007+0.015
−0.007−0.014 0.306
+0.008+0.015
−0.008−0.015
σ8 0.804
+0.026+0.056
−0.033−0.050 0.839
+0.018+0.031
−0.016−0.032 0.840
+0.016+0.033
−0.017−0.032
H0 64.14
+2.51+5.60
−3.80−5.12 68.24
+0.78+1.56
−0.80−1.51 68.23
+0.84+1.67
−0.83−1.62
TABLE II: Observational constraints on various free parameters at 68% and 95% CL for the dynamical dark energy state
parameter wx(z) = (w0 − wa) + wa exp
(
z
1+z
)
(Gen) using different astronomical datasets have been presented. Let us note
that Ωm0 is the present value of Ωm = Ωc + Ωb and H0 is in the units of km/sec/Mpc.
Parameters CMB+BAO CMB+BAO+Pantheon CMB+BAO+Pantheon+CC
Ωch
2 0.1191+0.0014+0.0026−0.0013−0.0027 0.1191
+0.0013+0.0025
−0.0013−0.0026 0.1191
+0.0013+0.0026
−0.0013−0.0026
Ωbh
2 0.02226+0.00015+0.00029−0.00015−0.00029 0.02227
+0.00015+0.00030
−0.00015−0.00030 0.02227
+0.00015+0.00030
−0.00015−0.00030
100θMC 1.04078
+0.00033+0.00063
−0.00032−0.00064 1.04080
+0.00032+0.00064
−0.00031−0.00062 1.04080
+0.00031+0.00062
−0.00032−0.00062
τ 0.078+0.017+0.034−0.017−0.034 0.080
+0.017+0.035
−0.017−0.035 0.080
+0.018+0.034
−0.018−0.034
ns 0.9665
+0.0044+0.0091
−0.0044−0.0084 0.9667
+0.0044+0.0089
−0.0044−0.0086 0.9666
+0.0045+0.0087
−0.0044−0.0087
ln(1010As) 3.090
+0.034+0.066
−0.033−0.066 3.092
+0.034+0.066
−0.033−0.068 3.092
+0.034+0.066
−0.034−0.066
w0 −0.524+0.374+0.524−0.236−0.514 −0.947+0.076+0.165−0.088−0.156 −0.950+0.075+0.152−0.084−0.152
wa −1.403+0.731+1.570−1.021−1.466 −0.308+0.367+0.619−0.273−0.677 −0.291+0.338+0.555−0.256−0.588
Ωm0 0.344
+0.032+0.051
−0.026−0.054 0.304
+0.008+0.016
−0.007−0.015 0.304
+0.008+0.015
−0.008−0.015
σ8 0.803
+0.024+0.053
−0.030−0.051 0.838
+0.018+0.032
−0.016−0.033 0.837
+0.016+0.032
−0.016−0.032
H0 64.36
+2.05+5.26
−3.23−4.67 68.34
+0.81+1.70
−0.82−1.63 68.31
+0.84+1.64
−0.83−1.66
TABLE III: Observational constraints on the dark energy parametrization, namely, the Ext1 of (7) using various observational
datasets. We note that H0 is in the units of km/Mpc/sec and Ωm0 is the present value of Ωm = Ωb + Ωc.
to the previous two parametrization, that means concern-
ing the free parameters w0, wa, we have exactly similar
conclusion as observed with model (6) and model (7).
Finally, we focus on the last parametrization of this
series, namely Extension 3 shown in eqn. (9). We have
summarized the results in Table V and in Fig. 10 we
have shown the corresponding graphical variations of the
model parameters. Looking at all the parameters, it is
clear that except wa, the other parameters have similar
constraints as already found in models (6), (7), (8). For
the wa parameter, we see that for the last two combina-
tions (the CMB data alone provide higher values, similar
to other models as well), the mean values of wa as well as
the error bars are significantly reduced compared to the
previous models. In fact for the last combination that
means for CMB+BAO+Pantheon+CC, the estimated
value of wa is very very close to zero which means that
the dynamical nature of the dark energy parametrization
is very weak, however, the statistical estimation also of-
fers its non-null value finding, wa = −0.094+0.089+0.158−0.074−0.163
(68% CL, CMB+BAO+Pantheon+CC). The difference
in the results can be found from Fig. 11 which clearly
shows that for this parametrization, the w0−wa plane is
much reduced compared to others.
Thus, based on the analyses presented above one can
see that as long as we consider the higher order correc-
tions in the generalized parametrization (6), the param-
eter wa quantifying the dynamical nature of the dark
energy parametrization becomes weak. For a detailed
understanding, we refer to Table VI.
Now we investigate how the present dark energy
parametrization, namely, the new dark energy param-
eterization in eqn. (6), and its extensions in equations
(7), (8) and (9) affect the temperature anisotropy in the
cosmic microwave background spectra as well as in the
matter power spectra. Such an investigation is impor-
tant because this certainly enables us to understand how
the higher order extensions of the original dark energy
parametrization (6) is important in the context of struc-
ture formation. Thus, keeping these all in mind, in Fig.
12 we show the temperature anisotropy in the CMB spec-
tra for different dark energy parametrization where we
have considered various values of wa parameter with a
fixed value of w0 = −0.95 1. From the upper graphs of
1 We have considered w0 = −0.95 since from the observational
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Parameters CMB+BAO CMB+BAO+Pantheon CMB+BAO+Pantheon+CC
Ωch
2 0.1192+0.0014+0.0026−0.0013−0.0027 0.1194
+0.0013+0.0026
−0.0013−0.0025 0.1195
+0.0013+0.0027
−0.0014−0.0027
Ωbh
2 0.02223+0.00015+0.00030−0.00015−0.00030 0.02223
+0.00015+0.00028
−0.00015−0.00028 0.02222
+0.00015+0.00028
−0.00015−0.00029
100θMC 1.04051
+0.00032+0.00064
−0.00034−0.00063 1.04051
+0.00031+0.00061
−0.00033−0.00059 1.04050
+0.00033+0.00062
−0.00033−0.00065
τ 0.079+0.018+0.034−0.018−0.035 0.079
+0.017+0.033
−0.017−0.035 0.081
+0.017+0.036
−0.018−0.035
ns 0.9744
+0.0043+0.0083
−0.0043−0.0088 0.9740
+0.0042+0.0086
−0.0045−0.0082 0.9740
+0.0045+0.0085
−0.0043−0.0086
ln(1010As) 3.100
+0.035+0.067
−0.035−0.068 3.100
+0.036+0.064
−0.033−0.067 3.104
+0.034+0.069
−0.034−0.070
w0 −0.616+0.326+0.560−0.428−0.501 −0.949+0.074+0.149−0.076−0.139 −0.946+0.072+0.155−0.088−0.150
wa −1.000+1.039+1.262−0.609−1.427 −0.290+0.277+0.460−0.217−0.534 −0.302+0.310+0.500−0.219−0.533
Ωm0 0.339
+0.031+0.058
−0.037−0.054 0.305
+0.008+0.015
−0.008−0.015 0.306
+0.008+0.015
−0.007−0.015
σ8 0.810
+0.030+0.055
−0.032−0.053 0.839
+0.016+0.031
−0.016−0.031 0.841
+0.016+0.033
−0.016−0.033
H0 64.98
+3.11+5.55
−3.35−5.47 68.29
+0.81+1.65
−0.82−1.59 68.24
+0.79+1.56
−0.78−1.50
TABLE IV: Observational constraints on the dark energy parametrization, namely, the Ext2 of (8) using various observational
datasets. We note that H0 is in the units of km/Mpc/sec and Ωm0 is the present value of Ωm = Ωb + Ωc.
Parameters CMB+BAO CMB+BAO+Pantheon CMB+BAO+Pantheon+CC
Ωch
2 0.1196+0.0014+0.0027−0.0014−0.0026 0.1196
+0.0013+0.0024
−0.0012−0.0024 0.1194
+0.0013+0.0026
−0.0013−0.0025
Ωbh
2 0.02221+0.00015+0.00030−0.00016−0.00029 0.02221
+0.00015+0.00029
−0.00015−0.00029 0.02222
+0.00014+0.00027
−0.00014−0.00029
100θMC 1.04046
+0.00033+0.00065
−0.00032−0.00063 1.04048
+0.00032+0.00065
−0.00034−0.00062 1.04050
+0.00035+0.00061
−0.00032−0.00064
τ 0.077+0.018+0.035−0.018−0.035 0.078
+0.018+0.032
−0.016−0.034 0.080
+0.018+0.033
−0.017−0.036
ns 0.9733
+0.0043+0.0083
−0.0043−0.0083 0.9737
+0.0042+0.0085
−0.0041−0.0084 0.9737
+0.0041+0.0084
−0.0044−0.0083
ln(1010As) 3.097
+0.035+0.067
−0.035−0.071 3.098
+0.035+0.063
−0.031−0.067 3.102
+0.037+0.063
−0.033−0.069
w0 −0.581+0.348+0.579−0.334−0.522 −0.933+0.065+0.136−0.073−0.133 −0.951+0.075+0.142−0.075−0.139
wa −0.371+0.273+0.456−0.274−0.460 −0.116+0.085+0.155−0.073−0.156 −0.094+0.089+0.158−0.074−0.163
Ωm0 0.341
+0.030+0.059
−0.039−0.054 0.306
+0.007+0.016
−0.008−0.015 0.305
+0.008+0.016
−0.008−0.015
σ8 0.811
+0.030+0.058
−0.034−0.054 0.840
+0.016+0.030
−0.016−0.031 0.840
+0.016+0.032
−0.016−0.031
H0 64.84
+3.13+5.53
−3.46−5.47 68.27
+0.80+1.72
−0.81−1.65 68.28
+0.89+1.62
−0.80−1.71
TABLE V: Observational constraints on the dark energy parametrization, namely, the Ext3 of (9) using various observational
datasets. We note that H0 is in the units of km/Mpc/sec and Ωm0 is the present value of Ωm = Ωb + Ωc.
Fig. 12, one can easily find that as long as wa increases,
the higher order corrections of the generalized model (6),
that means model in eqn. (9) gets differentiated from
the remaining models. While on the other hand, for the
negative values of wa (corresponding to the lower graphs
of Fig. 12), we don’t find any kind of differences between
the models. In a similar way, in Fig. 13 we have shown
plots representing the matter power spectra for positive
and negative values of wa with fixed w0 = −0.95. The
upper graphs of Fig. 13 correspond to wa > 0 while the
lower graphs correspond to wa < 0. From this figure, we
have similar observation as already noticed in Fig. 12.
5. BAYESIAN EVIDENCE
A general and natural question that we will be looking
for in this section is that, how the models are efficient
analyses of the models presented in this work the best constraint
on w0 is around that value.
compared to the standard ΛCDM cosmology. Thus, we
need a statistical comparison between all four dynamical
DE parametrizations where the base model will be fixed
as ΛCDM. This statsitical comparison comes through the
Bayesian evidence. Here we apply publicly available code
MCEvidence [58, 59]2 to compute the evidences of the
models. The use of MCEvidence is very easy since the
code only needs the MCMC chains used to extract the
free parameters of the DE parametrizations.
While dealing with Bayesian analysis we need the pos-
terior probability of the model parameters (denoted by
θ), given a specific observational data (x) with any prior
information for a model (M). Following Bayes theorem,
one can write,
p(θ|x,M) = p(x|θ,M)pi(θ|M)
p(x|M) , (12)
where p(x|θ,M) is the likelihood as a function of θ and
pi(θ|M) refers to the prior information. Here, the quan-
tity p(x|M) appearing in the denominator of (12) is the
Bayesian evidence that we actually need for the model
2 See github.com/yabebalFantaye/MCEvidence.
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Datasets Parameters Gen Ext1 (CPL) Ext2 Ext3
CB (w0, wa) (−0.537+0.442−0.441, −1.154+0.894−0.807) (−0.524+0.374−0.236, −1.403+0.731−1.021) (−0.616+0.326−0.428, −1.000+1.039−0.609) (−0.581+0.348−0.334, −0.371+0.273−0.274)
CBP (w0, wa) (−0.963+0.060−0.082, −0.231+0.291−0.143) (−0.947+0.076−0.088, −0.308+0.367−0.273) (−0.949+0.074−0.076, −0.290+0.277−0.217) (−0.933+0.065−0.073, −0.116+0.085−0.073)
CMPC (w0, wa) (−0.933+0.071−0.070, −0.337+0.288−0.204) (−0.950+0.075−0.084, −0.291+0.338−0.256) ( −0.946+0.072−0.088, −0.302+0.310−0.219) (−0.951+0.075−0.075, −0.094+0.089−0.074 )
TABLE VI: For a clear understandig and comparison of the dark energy key parameters (w0, wa) extracted from all the
parametrizations, we show their estimations at 68% CL. Here, CB = CMB+BAO, CBP = CMB+BAO+Pantheon, CBPC =
CMB+BAO+Pantheon+CC.
101 102 103
l
0
1000
2000
3000
4000
5000
6000
l(
l+
1
)C
T
T
l
/
(2
pi
)[
µ
K
2
]
Gen
Ext1
Ext2
Ext3
101 102 103
l
0
1000
2000
3000
4000
5000
6000
l(
l+
1
)C
T
T
l
/
(2
pi
)[
µ
K
2
]
Gen
Ext1
Ext2
Ext3
101 102 103
l
0
1000
2000
3000
4000
5000
6000
7000
8000
l(
l+
1
)C
T
T
l
/
(2
pi
)[
µ
K
2
]
Gen
Ext1
Ext2
Ext3
101 102 103
l
0
1000
2000
3000
4000
5000
6000
l(
l+
1)
C
T
T
l
/
(2
pi
)[
µ
K
2
]
Gen
Ext1
Ext2
Ext3
101 102 103
l
0
1000
2000
3000
4000
5000
6000
l(
l+
1)
C
T
T
l
/
(2
pi
)[
µ
K
2
]
Gen
Ext1
Ext2
Ext3
101 102 103
l
0
1000
2000
3000
4000
5000
6000
l(
l+
1)
C
T
T
l
/
(2
pi
)[
µ
K
2
]
Gen
Ext1
Ext2
Ext3
FIG. 12: Cosmic microwave background spectra for the present dynamical dark energy parameterizations have been shown for
different values of the wa parameter with fixed w0 = −0.95. The upper left, middle, and right graphs stands for wa = 0.1, 0.2
and 0.3, respectively while the lower left, middle and right graphs stands respectively for wa = −0.1, −0.2 and −0.3. From the
graphs, one can notice that difference between the models is observed only for the positive values of wa, namely, wa = 0.2 and
wa = 0.3, while for negative values of wa upto wa ≤ 0.3, we do not find any kind of differences between the models.
lnBij Evidence for model Mi
0 ≤ lnBij < 1 Weak
1 ≤ lnBij < 3 Definite/Positive
3 ≤ lnBij < 5 Strong
lnBij ≥ 5 Very strong
TABLE VII: Revised Jeffreys scale quantifying the observa-
tional viability of any cosmological model Mi compared to
some reference model Mj [60].
comparison. Now, for two cosmological models Mi, Mj
where Mj is acting as the reference model
3, the posterior
probability is,
3 The reference model should be the most well motivated cosmo-
logical model that must be highly sound to the observational
data; and without any doubt, ΛCDM is the best choice for such
a model comparison.
p(Mi|x)
p(Mj |x) =
pi(Mi)
pi(Mj)
p(x|Mi)
p(x|Mj) =
pi(Mi)
pi(Mj)
Bij , (13)
in which Bij =
p(x|Mi)
p(x|Mj) , is the Bayes factor of the model
Mi relative to Mj . And based on the values of Bij (alter-
natively, lnBij) we quantify the observational support of
the underlying model Mi relative to Mj . The quantifica-
tion is done through the widely accepted Jeffreys scales
[60] (see Table VII). We also note that the negative val-
ues of lnBij indicate that the reference model (Mj) is
preferred over the underlying model (Mi).
In Table VIII we have shown the values of lnBij com-
puted for all DE parametrizations considering all the
datasets. We find that the values of lnBij are all nega-
tive indicating that ΛCDM is always preferred and this
is true for all the observational datasets.
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FIG. 13: Matter power spectra for the present dynamical dark energy parameterizations have been shown for different values of
the wa parameter with fixed w0 = −0.95. The upper left, middle, and right graphs stand for wa = 0.1, 0.2 and 0.3, respectively
while the lower left, middle and right graphs stand respectively for wa = −0.1, −0.2 and −0.3. Here we find similar behaviour
to Fig. 12, that means, the variations between the models are observed only for wa > 0. Precisely, for wa = 0.2 and wa = 0.3.
Dataset Model lnBij Evidence against ΛCDM
CMB+BAO Gen −1.4 Definite
CMB+BAO+Pantheon Gen −3.4 Strong
CMB+BAO+Pantheon+CC Gen −3.6 Strong
CMB+BAO Ext1 −1.1 Definite
CMB+BAO+Pantheon Ext1 −3.3 Strong
CMB+BAO+Pantheon+CC Ext1 −3.4 Strong
CMB+BAO Ext2 −1.7 Definite
CMB+BAO+Pantheon Ext2 −3.2 Strong
CMB+BAO+Pantheon+CC Ext2 −3.3 Strong
CMB+BAO Ext3 −1.3 Definite
CMB+BAO+Pantheon Ext3 −3.5 Strong
CMB+BAO+Pantheon+CC Ext3 −3.7 Strong
TABLE VIII: The values of lnBij computed for the present dark energy parametrizations (Mi) where the reference scenario is
the ΛCDM model (Mj). We note that the negative value of lnBij means that ΛCDM is preferred.
6. CONCLUDING REMARKS
The dark energy, a hypothetical fluid in Einstein grav-
ity is the main concern of this work. This dark energy,
as examined by many investigators since the year 1998,
could be anything obeying only one condition that the
pressure of the fluid should be negative. Thereafter, a
cluster of dark energy models have been introduced and
confronted with the observational data, see [1] to get an
overview of the models.
Among them an interesting construction of the dark
energy models comes through the equation of state of
dark energy, wx = px/ρx which in principle is the func-
tion of the underlying cosmological time parameter, usu-
ally the function of the redshift. Technically, there is no
such restriction to pick up any specific functional form
for wx, however, the viability of the model is only tested
through the observational data and its effects on the large
scale structure of the universe indeed. According to the
investigations performed in the last couple of years, the
Chevallier-Polarski-Linder parametrization is a feasible
and well functioning dark energy parametrization with
the observational data. The present work is motivated in
the same direction whilst we have investigated something
different as follows.
We have introduced a new dark energy parametriza-
tion (6) having a novel feature. The model recovers the
well known CPL parametrization in its first order Taylor
14
series expansion around z = 0. Thus, the model actually
presents a generalized version of the CPL parametriza-
tion. Since the model is a nonlinear generalized version of
the CPL model, thus, a natural inquiry one may ask for
is, how its higher order corrections are important for the
expansion history of the universe, and moreover, how the
higher order corrections could affect the evolution of the
universe at the level of background and perturbations. In
order to investigate these issues, we have considered the
generalized model (6) together with its first, second and
third order Taylor approximations around the present
cosmic epoch z = 0, given in equations (7), (8) and (9).
Since the original model (6) contains only two free pa-
rameters w0 (current value of the dark energy equation
of state) and wa (parameter quantifying the dynamical
nature of the DE), thus its extensions contain the same
free parameters. We then constrain all the models us-
ing a class of astronomical data, such as CMB, BAO,
Pantheon from SNIa and the Hubble parameter measure-
ments (summarized in section 3).
The observational constraints are summarized in Ta-
ble II (for eqn. (6)), Table III (for eqn. (7)), Table IV
(for eqn. (8)), Table V (for eqn. (9)) and the graph-
ical variations of the model parameters are also shown
in Fig. 7, Fig. 8, Fig. 9 and Fig. 10, respectively
for the general, Ext1, Ext2, and Ext3. From the anal-
yses, it is clear that up to Ext2, the cosmological pa-
rameters assume similar constraints while the third or-
der correction (Ext3 of eqn. (9)) presents slightly dif-
ferent results compared to others (see Fig. 11). Pre-
cisely, for the third order correction (eqn. (9)), we find
that the parameter wa quantifying the dynamical nature
of the model is very weak (≡ wa ∼ 0) at least for the
last two combinations (i.e., CMB+BAO+Pantheon and
CMB+BAO+Pantheon+CC). We mention that for the
CMB+BAO combination, the error bars of the param-
eters for all the models are significantly large compared
to others (hence weakly constrained) and moreover, one
can notice that for this particular dataset the parameters
w0 and wa are strongly correlated to each each other (as
seen from Fig. 10). Such a disparity has also been re-
flected from the analysis at large scale structure. Looking
at Fig. 12 and Fig. 13, one can see that as soon as we
allow the higher order corrections, the model (Ext3) is
distinguished from the others and the dynamical nature
of the model becomes insignificant.
Finally, we perform the Bayesian analysis using the
MCEvidence and compared the models with respect to
the standard ΛCDM reference scenario. Our analysis re-
veals that ΛCDM is indeed favored over all the dynamical
DE models. This is an expected result because the pa-
rameters space for all the dynamical DE models are of
eight dimensional while the ΛCDM has only six parame-
ters.
Last but not least, we would like to comment that the
model (6), so far we are aware of the literature, is a new
one in the field of dark energy which naturally recov-
ers CPL parametrization in its first order approximation
and sounds good with the Bayesian evidence. Therefore,
a number of investigations can be performed in various
contexts. We hope to address some of them in near fu-
ture.
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